DRINFELD FUNCTOR AND FINITE-DIMENSIONAL 
REPRESENTATIONS OF YANGIAN 



TOMOYUKI ARAKAWA 



Abstract. We extend the results of Drinfeld on the Drinfeld functor to the 
case I > n. We present the character of finite-dimensional representations of 
the Yangian Y(sl n ) in terms of the Kazhdan-Lusztig polynomials as a conse- 
quence. 



Introduction 



In this article we study the representations of the Yangian Y(sl n ). The Yangian 
is a quantum group introduced by V. G. Drinfeld (|D1|). The parameterization of 
the simple finite-dimensional representations of Y(sl n ) was obtained in |D3] by the 
sequences of monic polynomials Q(u) = (Qi(u), . . . ,Q n -i(u)) called the Drinfeld 



polynomials. Furthermore, he has constructed in [D2 a functor from the category 
Cut of finite-dimensional representations of the degenerate affine Hecke algebra Tii 
to the category Cy( 5 [ n ) of finite-dimensional representations of Y(sl n ). This func- 
tor is called the Drinfeld functor. It was stated in [D2] that as well as the classical 
Frobenius-Schur duality, the Drinfeld functor gives the categorical equivalence be- 
tween Cn e and the certain subcategory of CY( s i n ) m the case £ < n. Chari-Pressley 
generalized this duality to the case between the affine Hecke algebra and the quan- 
tum affine algebra. They pro ved t hat the categorical equivalence holds in this case 
as well provided that £ < n (|CP2|). 

However, due to the restriction £ < n, the above categorical equivalence does 
not describe all the finite-dimensional representations of the Yangian Y(sl n ). In 
particular, even the characters of finite-dimensional representations of Y"(sl„) have 
not been known, except for the c ase n = 2 ( |]CP3| ) and the special class of the 
representations called tame ( NT1 |). 



The main purpose of this article is to extend the Drinfcld's results [D2] to the 
case £ > n. To be more precise, we first show the followings without restriction 
£ < n: 

1. The Drinfeld functor sends the standard modules of He to zero or the highest 
modules ofF(sI„) (Theorem |s|) . 

2. The Drinfeld functor sends the simple modules of Tie to zero or the simple 
modules of Y(sl n ) (Theorem |l0|) . 

Here the standard modules are certain induced 7i£-modules which have unique 



simple quotients (see subsection 1.4). We also determine the explicit images of 
the standard modules. It turns out that the highest weight modules obtained 
as the images of the standard modules are those tensor product modules of the 
evaluation representations studied in [ AK|. We note that any simple Y (s I rl )- module 
is isomorphic to the image of a simple 7"^-module for some I. 
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Further, combining the above results with that of the representation theory of 
He, we state the following: 

3. The multiplicity formula of Y(sl n ) expressed in terms of the Kazhdan-Lusztig 
polynomials (Theorem |l5[)F]. 

This is the result of considering the composition o F\ of the two exact functors, 
where F\ is the functor from the Bernstein-Gelfand-Gelfand category O r of the 
complex Lie algebra gl r to the category Ou t , obtained by Suzuki and the author in 




1. Preliminaries 



1.1. Yangian. Let n be a positive integer. First we review some fundamental 
facts about the algebra structure of the Yangian Y(sl n )- Our main references are 



PI, D3 



MNO| and we basically follow the notation of |VINO( | 



Let 



R(u) = 1 e End(C" <g> C' 

u 



where P is the permutation operator in C" ® C" and u is a parameter. Let Eij s 
gl n = gl n (C) denote the usual matrix operator on C™. The Yangian Y(gl n ) is the 
unital associative algebra over C with generators (1 < i, j < n, k = 0, 1, 2, . . . ) 
and the defining relations 

R 12 (u - v)ti(u)t 2 (v) = t 2 (v)t 1 (u)R 12 (u - v), (1.1.1) 

where 

*(«) = j *tf («) ® Eij e Y(gl n ) (g) End(C"), 

= E7=o t( t 1)u ~ d e rfoUKu- 1 ]] 

Here we put ty- 1 ^ = 5yid and both sides of ( |1 . 1 . 1| ) are regarded as elements of 
^(0 [ n)((w _1 ))[[w~ 1 ]] 8) End(C") ® End(C") and the subindexes of t(w) and R(u) 
indicate to which copy of End(C") these matrices correspond. 

The defining relations (1.1.1) are equivalent to the following relations: 

(1 < i, j, k,l<n,r,se Z> ) (pNOf). 



The algebra Y(gl n ) is a Hopf algebra with coproduct 



A : Uj(u) 



a=l 



t ia (u) ® t aJ (u) 



(1.1.3) 



antipode S(t(u)) = i(w) -1 and counit e(t(u)) = 1. 

Let ?7(fl[„) denote the universal enveloping algebra of the Lie algebra gl n . The 
algebra U(gl n ) is considered as a subalgebra of Y(gl n ) by the inclusion homomor- 
phism defined by 



t 



(0) 



After completing this article, the author was notified that E. Vasserot obtained the simi- 
lar formula in terms of interse ction cohomologics in the case of the quantum affine algebra by 
geometrical method ([preprint, math.QA/9803024 ). 
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On the other hand, for a G C, the map 

ev„: V(ol„) — C'(g[„) 

M«) « + (LL4) 

u — a 

defines an algebra homomorphism. For a g[„-module V, let ev (V) denote the 
Y(g( n )-modulc obtained by pulling V back by ( |l.l.4| ). 
The quantum determinant qdet t(u) is defined as 

qdeti(lt) = J2 (- 1 ) SSn(tu) ^(i)T(u)^(2),2(w-l)---^(„ ) ,„(u-n+l), 

w£W n 

where W n denotes the symmetric group & n . The coefficients of the quantum deter- 
minant are algebraically independent and generate the center Z(Y(g\ n )) of Y(gl n ). 
For a formal series f(u) = 1 + f\u + f-2U~ 2 + ■ ■ ■ G C[[u -1 ]], the multiplication 

t(u) .— » f(u)t(u) (1.1.5) 

defines an automorphism of Y(gl n ). It is known that the Yangian Y{sl n ) can be de- 
fined as the subalgebra of Y(gl n ) consisting of elements fixed by all automorphisms 
of the form ( p_.1.5| ) ([ MNO| ]). One has a tensor product decomposition 

Y( fl y s z(y( fl u) ® y( s u. (1.1.6) 

Hence any Y(g [„)-module can be considered as a Y(st„)-module. 
Let 

WflU- E E C*SJ---*&J (^ Z >o)- (1-1.7) 

l<z a ,j a <n nH h?"fc<2 

Then, by ( |l.l.2| ), FjY(g[„) • Y(g[„) C F l+J Y(g[J, and ( |1.1.7| ) defines a filteration 
on Y(gl n ). Let gr Y(g[„) denote the corresponding the graded algebra; 

grY( 3 Q = ^Y( fl [„)/^_ 1 Y( fl [„) (F_ 1 Y( fl [ n ) = 0) . 

Then, gr Y(gl n ) is isomorphic to U(gl n [i\), where U(gl n [i\) is the universal envelop- 
ing algebra of the polynomial current algebra gl n [t] := gl n ® C[t] with Z>o-grading 
such that the degree of the element X ®t r [X € g[„) equals r (|MNO|). 

1.2. Drinfeld polynomials. In this subsection we review the class ifica tion the- 
ory of finit e-dimensional simple Y(sI„)-modules studied by Drinfeld (|D3|, see also 
CPlllMol ) 

A representation V of Y(gl n ) is called highest weight if there exists a cyclic 
vector v such that tij(u) - v = 0(l<i<j<n) and ta(u — i) ■ v — Ci( u ) v 
(1 < i < n) for some formal series Ci( u ) G 1 + u _1 C[[u -1 ]]. The vector u is 
called the highest weight vector of V and the sequence = (£i(it), . . . , Cn(t*)) is 
called the highest weight of V. The central element qdeti(w) acts as a constant 
Qi{u)C,2{ u — 1) • • • j C«( u — n + 1) on a highest weight module V". As in the classical 
Lie algebra theory, any highest weight Y(g[„)-module has a unique simple quotient, 
in which the image of its highest weight vector is nonzero. 

It is known by Drinfeld that a simple highest weight module of Y(g[„) is finite- 
dimensional if and only if there exists a sequence of monic polynomials Q(u) = 
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(Qi(tt), . . . , Q n -i(u)) such that 

Ck(u) = Q k (u + 1) 
Cfc+i(u + l) 



(1.2.1) 



for k — 1, . . . ,n — 1. A theorem of Drinfeld states that there is a one-to-one corre- 
spondence between the finite-dimensional simple y(s[„)-modules and the sequences 
of monic polynomials Q(u) — (Qi(u), . . . ,Q n _i(u)) defined by ( 1.2.1 ) ( |D3[ ). The 
Q{u) are called Drinfeld polynomials. 

Remark 1. The standard symbol for the Drinfeld polynomials is P{u). However, 
this symbol for a polynomial is reserved for the Kazhdan-Lusztig polynomials in 
this article. 

1.3. Degenerate Affine Hecke Algebra. Let I be a positive integer. Let \)e be 
the Cartan subalgebra of gl e , which consists of the diagonal matrices. Define a 
basis {e,}| =1 of \)e by putting = En. The dual space f)| is identified with \)e via 
the inner product (ej,£j) — Sij. 
Let Re be the root system of gl e : 

Re = {aij = ei - ej | 1 < i y£ j < £} , 

Rf = {aij £ R e \i<j}, 

IT = {en = | i = 1, . . . , I - 1} , 

where Rf is the set of positive roots and IT is the set of simple roots. Let p = 
\ 12 a eR + a ' ^ e identify the coroots with the roots throughout this article. 
Let s a £ We denote the reflection corresponding to a £ Re; 

s a ■ A — A — A(a)a ( A £ f)^ ). 

Put = s aij (ay £ Re) and s l = s ai {on £ Tie)- 

Let S(i)e) be the symmetric algebra of t)e, which is isomorphic to the polynomial 
ring over f)|. 

The degenerate affine Hecke algebra He oiGLe (|D2|) is the associative algebra 
over C such that 

Hi = C[We] ® S(i)e) 

as a vector space, the subspaces C[M^] <g> C and C ® S(t)e) are subalgebras of He, 
and the following relations hold in it; 

s a • f - s a (0 ■ s a = -a(0 (aen<,C6|<), (1.3.1) 

where the elements !; £ l)e and w £ We are identified with l<g>£ £ He and w£g>l € He 
respectively. One has 

H e = C[W t ] ■ S{t) e ) = S(fo) ■ C[W e ]. (1.3.2) 

We put Ho = C for convenience. 

The center Z( He) of this algebra equals the W^-invariant polynomials S(i)e) We — 

c[ £1) ..., e ,r(B). 

Define elements 6 (i = 1, . . . , £) by 

Vi • S\i ' ' Sn — (Li ^ ^ Sji' 

j<i 
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Then one can see by direct calculations that 

w-yi = Vw(i)-w (i = l, w eWi), (1.3.3) 

[Vi, Vj\ = -(» " Vj)^3 C 1 < h3 < t) ■ (1-3.4) 

The algebra Hg is isomorphic to the C- algebr a with g enerators w G Wi and yi 
(i = l, ...,£) with the defining relations (1.3.3), (1.3.4) and the Coxeter relations 
of w's in Wg. 
Let 



E E < 

lueW/> d 1 +d 2 A Vd e <i 



itvt 



(t e z> ) 



(1.3.5) 



Then, by ( |l.3.3| ), • P/W^ C F i+ jHg, and (|l.3.5|) defines a Alteration on He- 

Let gr Tig denote the corresponding graded algebra; 

gtHi = FiHt/Fi-xHz {F-xHi = 0) . 

iSZ> 

Let y~i denote the image of yi in grHg. Then grHg is isomorphic to the graded C- 
algebra generated by C[Wi] and the polynomial ring C[y~i, . . . , ye] with the relations 
w -Vi — y~w(i) -w (i = 1, ...,£, w € Wg), whose grading is given by deg(yi) = 1 and 
deg(w) = 0. In particular, grHg = C[yi, . . . , yt] ®c C[Wf] as a C-vector space. 

1.4. Representations of degenerate affine Hecke alge bra. In this s ubsection 
we r eview the theory of the represen tati ons of He studied i n |Zcl , Ro , Gin] (sec also 
CG]), along the line introduced in [ AS | and developed in ||^ 

Let C-Hf denote the category of finite-dimensional representations of Hg. Let 
r be a nonnegative integer. The representation theory of Hg is well-described by 
the language of the Bernstein-Gelfand-Gelfand category O r of g[ r , via the functors 
F\ : O r — > C He constructed in jA|, |J: 

Let 

P+ := {A G i)* | \{a) <£ -1, -2, . . . for all a G , 

r 

1=1 

An element of (resp. -P^) is called the dominant (resp. integral dominant) 
weight. 

For A G f)*, there is a functor form O r to C-n e defined by 

Fx(X): = H (n;,X^(C r f t )x- P (XeO r ) (1.4.1) 

= [X® (C r f e /n;(X ® (C)® £ )]a- p , 

where n~ denotes the nilpotent subalgebra of g[ r generated by the lower triangular 
matrices (Eij\i — j > 0) and Xx denotes the weight space of weight A of a g[ r - 
module X. The action of Hi on the space Fx(X) is given by 

i r — 1 

d — > E + -o- (! < 1 < ^) 

j'=o 

Si i— » (1 < t < £ - 1) , 

where f2y denotes an endomorphism of X ® (C r )® which acts as the Casimir 
f2 = ^rs ® Psr on the tensor product of i-th and j-th factors and by identity 
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on all the other factors. Here the 0-th factor corresponds to X G O r . The functor 
F x is exact if A G P+ (|A|]). 

For complex numbers a, b such that b — a + 1 = £, let Cr a w = Cl[ a ,&] denote the 
one-dimensional representation of Tie , defined by 

Si • l[a,6] = 1[„, 6 ] (i = (1.4.2) 

e i -l[ Bl6 ] = (o + i-l)l [o , 6] (i = l,...,i). (1.4.3) 
Let Wt(X) denote the space of weights of a g^-module X. Then, clearly 

r r 

wt((c r )®<)) = {E n ^ I * e {o, l, . . . , E = 

»=i <=i 

For A G f)*, let 

S(A;i) :={/*€« | A- M eWt((Cf))}. (1-4.4) 

For A £ I)* and /z G S(X,£), define an 7^-module 

K.(X,fx) ■='Hi® (nii ®...® Hlr) (C^^-ij ® . . . <g> C [llr! x T -i}), (1-4.5) 

where \ — A(ej), /ij = /i(ej), t, L = \ — Here ® 7i£ 2 (g> . . . ® % r is regarded 
as a subalgebra of He via the embeddings 7ie k °- > defined by e a i— > e Q+ ^fc-i^ 
and s a i-> s a+E u-i^.. 
Let 

lA,p := l^.Ai-l] <8> • •• ® l[ Mr ,A r -i] G £(A,/x). 
Then the correspondence 1a, ^ >— > 1 defines an isomorphism of W^-modules 

K(A,/i) SC^/W^ x ••• x Wi r ]. (1.4.6) 

For a partition f of £, let f (i/) denote the simple VT^-module associated with 
v. For A 6 f)* and /z G S^A;^), let z/a )(L1 denote the partition of I obtained by 
forgetting the order of (£\, . . . ,£e), where li — (A — /x)(ej). Then by (1.4.6), /C(A,/x) 
decomposes as 

/C(A,/i)^[/K,)© t/M ffic % (1.4.7) 

as a Wf-module, where > is the dominance order in the set of the partitions and c„ 
is some nonnegative integer (see [FH|, for example). It is known that if A G Pf, the 
Wf-simple component U(v\ tll ) generates /C(A,/i) over He, hence it has an unique 
simple quotient C(X, /i) which contains U{v\^) with multiplicity one ([Zel, Ro], see 
also H). The module /C(A,/i) with A G and /i G S(X;£) is called a standard 
module of . 

Let W>, C W" r denote the stabilizer of A G fj*. Notice that if \x G 5(A;^), then 
iii'/i£ 5(A; for all iu G W\. One has 

/x) = K(X, //) <^=> £(A,/x) = C(X,n') (14 8) 

■<=>■ n' — w • n for some ui G WKa 



for A G and /i, // G S(X;£) ( ]Zc]| , pq]). It is known that any simple "^-module 
is isomorphic to C(X, w ■ fi) for some A, (i G and «; G W\\JW r /Wn such that 



u> • /i G <S"(A;£) for some r G N. (pel Ro ) 
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Let M(A) be the Verma module of gl r with highest weight A — p and let L(X) 
denote its unique simple quotient. Let A, fi 6 P r + and w G W\\W r /W^ such that 
S^A; £). Then one of the main results in |AS| , |s| is stated as follows: 

F\(M{w ■ fi)) = K.(X,w ■ //), (1.4.9) 

Fx{L(wn)) = < n . (1.4.10) 

I otherwise, 

where wlr denotes the longest length representative of w in the double coset 
W x wW^. 



2. Drinfeld Functor 

2.1. Drinfeld Functor. For a left H^-module M, consider an 7-^Cg)£/(gl„)-module 
M (g) (C™)® £ . Here we regard C™ as the vector representation of gt n . For x £ gl n 
and i = 1, . . . , £, let Ti(a;) denote the endomorphism of M (g> (C n )®^ which acts as 
x S fll„ on the i-th factor of the tensor product (C n )® and by identity on all the 
other factors. 

Define an action of the Yangian Y(gl n ) oeM® (C n )® by 



where 



7T : t(u) i — >T-l(u - e\)T 2 {u - e 2 ) . . .T^(ii - q), 



^(u-ci) = 1 + 



(2.1.1) 



and Ii = Ei< a ,6<« n{E g b )® E ab e End(M ® (C n )^) ® End(C"). By the fac t that 
/S'(hl) is co mmutative, ( |2.1.l[ ) gives a well-defined action of Y(gl n ) (recall ( 1.1.3 ) 
and ( |1.1.4[ )). 

The symmetric group Wg naturally acts on M ® (C™)® £ by Sy i— > K i jP i j 1 where 
JQj denotes its action on M and Py denotes its action on (C™)® £ by permutation. 
Now define 



D t (M) := (Mi 



i n/E Im ^+i), 



(2.1.2) 



where Im(s 4 + 1) denotes the subspace (s l + 1)(M ® (C™)® £ ). Let [ 
the equivalence class oi m <S> u € M <S> (C")®* in Dj{M) . 



denote 



The following proposition is due to Drinfeld (|D2|, see also |BGHP| , |CP2|). 

Proposition 2. Let M be an Tig-module. Then, ir induces an action ofY(gl n ) on 
the space Dg(M). 

Proof. It is enough to show that ^Ili=i( u — ' 7r (^( M )) preserves the denominator 
space of (12.1.2D since (n^iC" — e i) ) ^ Z(He)[u]. This follows from the formula 



(u - €i + Ii)(u - e l+ i + I i+ i)si 

= Si(u Ii)(u - e i+ i + + (si + 1) [h +1 ,Ii] 

(sj = -Km+iPm+i), which can be proven by direct calculations using the defining 
relations ( 1.3.1 ) and the commutation relations [Pi,Ii] = [/»+!,/»]. □ 
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The action of Y(gl n ) on the space Di(M) will be denoted by the same symbol it. 

Let Cy( g i ) and Cy( s j n ) denote the category of finite-dimensional representations 
of Y(gl n ) and Y(sl n ) respectively. Then Di defines an exact functor from Cu t to 
^Y(gi n ) or Cy( 5 [ n ). The functor Di is called the Drinfeld Functor ( JD2[] ). Note that 
our definition of the Drinfeld functor slightly differs from that of [D2|. A thorem 
of Drinfeld states that if I < n, Di gives a categorical equivalence between Cu t and 
the certain subcategory of Cy( 5 [„) (|D2|). One can deduce its unpublished proof 
from the paper of Chari-Pressly [ CP2| , in which the categorical equivalnece was 
generalized to the case between the affine Hecke algebra and the quantum affinc 
algebra. However, the method in [CP2] does not apply to the case £ > n. 

2.2. The following proposition follows from the Frobenius-Schur duality. 
Proposition 3. Let M be an Tii-module. Let M = 0C/(i/) ec " (c„ S Z>o) be a 
decomposition of M as a Wi-module. Then, 

V 

y{e\ ) <n 

as a Qi n -module, where v' is the transpose of a partition v identified with the dom- 
inant integral weight of gl n . 



See [CP2] for the proof of the following proposition. 

Proposition 4. Let Mi and Mi be representations of TL^ and H.g 2 respectively. 
Then, 

D/^Mi) ® D i2 (M 2 ) S D £l+e2 {h 1i+ i 2 ®(H tl ®H t2 ) {Mi ® M a )) 
as a Y(gl n ) and Y(sl n ) -module. 



The following formula was stated in [BGHP] as a conjecture. 
Proposition 5. Let M be an Tit-module. Then, 

e 

1 



ir(t ab (u)) = 5 ab + 



®Ti(E ab ). 



(2.2.1) 



on i/ie space Dt(M). In particular, n(t ab ) acts as 53j=i 2/f ® T~i(E ab ). 
Proof. We prove by induction on A: that 



1 



1 



m - e 2 



1 



U - e fe 



1 



E 

i=l 



u - Vi 



on D((M). 

There is nothing to prove for k = 1. Let /c > 1. By induction hypothesis, 



1 



Ii 



u — ei 



i 



/a 



u - e 2 



1 



/a. 



u - e k 



— h + ( V — V — kh 

- £fe u- yi u - e k 
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Since 7, • I k = P lk ■ Ik and P lk = -K ik on D t (M), 

1 



1 1 

- £fc \ti u - 



-lilk 



Vi ) U- e k 

fe-1 



' ._L 



V u - efe " u - yi u- e k 

i / fe_1 \ i 

it - yfc - V" 4 

« - V ^ / u ~ tk 

(« - e fe ) I k = I k . 



u- y k u - e k u- y k 

□ 

Let Afc = Yli=i e i e Pn for fc = 0, . . . , n and let VA k denote the highest weight 
vector of the simple 0l n -module L(A k + p). Then we can identify VA k with the 
highest weight vector of the simple Y(g[„)-module ev a (L(A k + p)) (a G C). It can 
be checked directly that its weight (Ci( u ), ■ ■ ■ , Cn(u)) is given by 

, , , i H — if K i < k 

Q(u) = \ «-*-« " (2.2.2) 

I 1 otherwise. 

The following proposition, which is easily follows from Proposition ||[ is due to 
Chari-Pressley JCP2| . 

Proposition 6. Let a, b be complex numbers such that b — a + 1 = I. Then, as a 
Y(gl n ) -module, 

^(C M )^ (i(A ' +rt) (2.2.3, 
(J otherwise. 



3. Main results 

3.1. For a subspace M' of an 7^-module M, let Dg(M') denote the image of M 1 
by the Drinfeld functor in Dg(M). The proof of the following proposition is in 
Section |[ 

Proposition 7. Let M be an Jig-module such that M is generated by some simple 
Wg-submodule U of M . Suppose that Dg(U) is nonzero. Then, Dg(U) generates 
D e (M) overY( 3 l n ). 

Now let r EM. For A G f)*, let 

S (n) (A) = e hr I (A - G {0, 1, ■ • • , n} for i = 1, . . . , r}. 

For A G f)* and p G ^(A), define a tensor product module M(A, /i) of Y(gl n ) by 
M(A,m) :=ev Ml (L(A 4l +p))®...®evp r (L(Ai r +p)), (3.1.1) 



where pi = p(ei), t% = (A— p)(ei). Here Y(jj[ n ) acts via the coproduct (1.1.3). Let 
wa, m := WA^ <8> ■ • .®«A/ r G M(X,p). Then by ( |2.2.2| ), t u (u)-v\ >fl = (\, K i(u)v\ tfJ , for 
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1, . . . , n, where 



j=i....,e ^ 3 

ti>i 



Let S (n \\- : £) = S(X;£) n S (n \X). Notice that for p G S(X;£), the condition 
p G 5^ (A; £) is equivalent to ^Au(ei) < n , where the partition v\ „ is identified 



with a dominant integral weight (recall subsection f .4) 



Theorem 8. 

(1) 27ie Drinfeld functor sends a standard module of Tig to zero or a highest 
weight module ofY(gl n ). 

(2) More precisely, let X G _P+ and p G S(X;£). Then, 

W (A,,))^{ M(A ^ ^^^J), (3.1.3) 
I otherwise. 

In particular, M (A, /i) is highest weight with the highest weight vector and the 
highest weight C\,n(u). 

Proof, (f ) Let M be a standard module and suppose that Di(M) ^ 0. Since M is a 
standard module, M = U{v) ® U (j) mc ~i and M = Hf U(u) for some partition 

7>w 

|-y|=-e 

v of £ such that f (ei) < n. By Proposition ||, 

D^si^+pje L{i + P )^ 

7'<f',7(ei)<n 
| 7 |=£ 

But by Proposition |t], the highest weight vector of L(y' + p) generates Dg(M) over 
y(g[„) in this decomposition. Since the other g[ n -weights appearing in Dg(M) is 
smaller than v' with respect to the dominance order, it follows that D((M) is a 
highest weight module whose highest weight vector is the gl n -highest weight vector 



of L(y' + p) C Di(M). (2) The isomorphism (3.1.3) follows from Proposition |4| and 
Proposition ^|. In fact, ( 3.1.3] ) holds without restriction A G P£ . The rest of the 



statement follows from (1). □ 



Remark 9. The fact that M(A, p) is highest weight for A G P 7 f was proved by 
Akasaka-Kashiwara ([ AK|) in the case of the quantum affine algebra and by Nazarov- 
Tarasov ( (NT§ ) in the case of the Yangian. The above thorem provides another 
proof of it. 

Let us call those T(g[„)-modules M{X,p) with A G P+ and p, G S {n \X;t) 
standard tensor product modules of Y(gl n ). By Theorem g (2), a standard tensor 
product module M(A, p) has a unique simple quotient, which is denoted by V(A, p). 
Then by ( 3.1.2 ), its Drinfeld polynomials Q\^{u) = (Qx,^i(u), . . . , Q\, mn -i(u)) 
are caluculated as 



(u)= n (u-Xi), 



(3.1.4) 



where Aj = A(e 4 ) and p % = p{e % ) (jAK|, |CP2]|NT2] |) 
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Theorem 10. 

(1) The Drinfeld functor sends a simple Tig-module to zero or a simple Y(Ql n )- 
module. 

(2) More precisely, let A G f r + and p G S(X;£). Then, 



^(£(A,/i)) = 



otherwise. 



Proof. (1) Let £ be a simple He-modu\e. Suppose that Dg(£) ^ 0. Let V be a 
proper y(gl n )-submodule of Di(£). We suppose that V ^= and deduce a contra- 
diction. Let L be a simple g[„-submodule of Then L = Di(U) for some simple 
W^-submodule U of M. But since M is simple, M — Hi ■ U. Thus by Proposition 
0, Df (M) — Y(%[ n ) ■ L C Y(gl n ) ■ V, which contradicts the assumption that V is 
proper. (2) follows from (1), Theorem || (2) and and the fact that C(X, p) contains 
the simple W^-module U(v\^) with multiplicity one. □ 



Remark 11. By ( p.l.4| ), it is easy to see that every simple F(sl„)-module appears 



as the image of a simple 7-^-module by the Drinfeld functor for some £. 

Remark 12. When X — p and p — p are both dominant weights, V(X,p) belongs 



to the class of representations called tame (|NT1|). Conversely, any simple tame 



module is isomorphic to V(X, p) with A — p, p — p G P^~ for some I. 

3.2. Multiplicity Formula. For X, p G P 7 f, define 

W^(X,p) = {w G W r | w ■ p G S {n) {X;£)} C W r . 

Then S^(X;£) = \J^ eP + U^w^)^ ' M>- Notice that if fx G S<™)(A;£), then 
w ■ (j, E S^(X; £) for all iiiefj. 

Lemma 13. Let X, p e P 7 f and w,w' G T'Lr'^A,^). T/ien Q\, w .^{u) = Q\, W '.^{u) 
if and only if w = w' in the double coset W\\W r /W^. 

Proof. First notice that the condition w = w' in the double coset WxXWr/W^ is 
equivalent to the condition that the following sets of pairs of complex numbers are 
equal; 

{(\(ei),w-n(ei))\i = l,...,r}, {(A(ej), w' ■ p(ei)) \ i=l,...,r}. (3.2.1) 
Hence the direction <= is easy to see. =>. Let 

{(a x , h), • • • , (a k ,b k )}, {(aM, • • • , (a k ,b' k )} (3.2.2) 



be the result of removing the common pairs from ( |3.2.1 ) so that <Zj > aj if di—dj G Z 



for 1 < i < j < k. We suppose that k > 1 and deduce a contradiction. By the 
assumption Q\ w .u,(u) = Q\,w'-u(u), the differences a, — 6 4 and a, — 6^ are all or 
n. 

Now by the assumption, b\ ^ b\. We can assume a± = b\ + n = 6^. Since 
{^i}i=i — {^li=i' there exists p such that b p = b[. Then a p = fr p (= ai) since 
ftp = 6 p or 6 p + n and eti > a p . Hence (a^bi) = (a pi b p ), which contradicts the 



assumption that there is no common pair between the two sets in (3.2.2). □ 
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Proposition 14. Let A, \i £ P+ and w,w' S W r (A, /i). TTiera the following 
conditions are equivalent: 

(1) M{X,w-fi) ^ M(X,w' ■ fi). 

(2) V(A, w ■ fi) = V(A, w' ■ fi). 

(3) w = w' in the double coset W\\W r /W^. 

Proof. (1) => (2) follows from Theorem || and the fact that a simple quotient of a 
highest weight module is unique. (2) =>■ (3) follows from Lemma [l3] and (3) => (1) 
follows from ( |l.4.^ ). □ 



Let Wr"' (A, fi) denote the image of W { r n) {X, fi) in the double coset W x \W r /W^ 
By Proposition each correspondence 

w i — > F(A, w • /i), iu i * M(A, u> • /i) 



defines an injective map from the set Wr (A, /i) to the set of equivalence classes of 
finite-dimensional Y (s [„ )-modulcs. 

Let < denote the Bruhat ordering in W r and let P W:X (q) denote the Kazhdan- 
Lusztig polynomial associated with the Weyl group W r ([KL|). 

In the following theorem we state the multiplicity formula of Y(sl n ). For sim- 
plicity, we only consider the essential cases when the roots of Drinfeld polynomials 
are integers. 



Theorem 15. Let X, ft £ P+ z and w £ W^ n \X,fi). 

(1) The family {V(X,x ■ fi) \ X £ Wr n \X,fi), xlr > wlr} is exactly the set of 
all simple Y(sl n ) -modules which appear as the composition factors of the standard 
tensor product module M(X,w ■ fi). Moreover, their multiplicities are expressed as 

[M(X,w fi),V(X,x- fi)] = P WLR , XLR (1) 



forx£ W^ n) (X,fi). 

(2) Conversely, the simple Y(sl n )-module V(X, w ■ fi) is expressed as 



[V(X,wfi)} = Yl (-l)'( tt ^H(^, (i)m (i ) [ Jlf(A)I .„) ] . 

x>w LR 

in the Grothendieck group ofCY( s i n ), where Wq denotes the longest element ofW r 



Proof. Due to the well-known Kazhdan-Lusztig conjecture ([BB, BK|) and the 
translation principle (|pan|]), one has 



[M(w-n)}= Yl P ^ R {l)[L(x-fi)] (3.2.3) 

x R >w a 

[L{w -fi)}= (-^Y {m) - t{xWo) P XWo , WRWo (l)[M{x ■ ft)}, (3.2.4) 



x£W r 

X>W R 



for fi £ P+ and w £ W/W^ in the Grothendieck group of the category O r of gl r , 
where wr denote the longest length representative in the coset wW^. 
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Then by ( 1.4.9| ), (1.4.10), Theorem || and Theorem |Tc|, applying the exact functor 



Di a F\, one has 

[M(X,w-fi)}= Yl P WR ,x LR (l)[V(X,x-p)} (3.2.5) 



xew£ n) (A,/*) 

X LR >W R 



[V(X,wfi)}= £ (-l) e(wLRWo) - eixwo) P XWo , WLRWo (l)[M(X,x^)} (3.2.6) 



x>w LR 



in the Grothendieck group of Cy (si n )- Hence (2) is proved and (1) follows form 
Proposition [lj and ( |3.2.5| ) . □ 



Remark 16. If xr > w (resp. xl > w), then xr > wr and P w ,x R (q) — Pw R ,x R (q) 
(resp. xl > wl and P w .x L {q) = Pw T ., x T . (<?) ); where wl denotes the longest length 



representative in the coset W\w (see [gum, Corollary 7.14], for example). Hence it 



follows that P w ,x LR (q) = Pw R ,x LR {q) = Pw LR ,x LR (q)- 

Remark 17. Let A — p and \i — p are both dominant integral weights, one can obtain 
the resolution of V(X, fi) by applying the exact functor Di o F\. This pr ovide s 
an alternative proof of the resolutions of the simple elementary module (| NT2[ ) 



constructed by Cherednik ([ |Che| ). A generalization of such resolutions is possible 
to some extent by using the generalized BGG resolution obtained in pj|] (see 
for the corresponding statement in the case of the degenerate afhne Hecke algbera) . 

4. Proof of Proposition [7] 

Let M be an ^-module and U C M be a simple W^-module such that Di{U) ^ 
as in the proposition. The proof is divided into 4 parts. 

4.1. Let C-H e be the category of Tie-modules who decompose into (possibly infinite) 
direct sum of finite-dimensional Wf-modules. Let Cy(g[„) be the category of Y(gl n )- 
modules who decompose into (possibly infinite) direct sum of finite-dimensional 
g[ ra -modules. Extend the Drinfeld functor Di to the functor from the category Cn e 
to the category Cy( g [ n )- It is easy to see that the extended functor Dg is still an 
exact functor. 

Let v = X^r=i Viti ^ e the partition such that U = U(v'), where v' denotes the 
transpose of v as before. Define an W^-module 

Jw{v) '■— C[We] ®(C[w„ 1 ]®...®c[w Un ]) (Clsign^! <8> ■ ■ ■ <8> Cl s i gll! ^), 

where Qsign,^ is one-dimensional representation of CfW^] such that Si • l S ign,^ = 
— Isign,^- It is well-known that there exists a surjective homomorphism ipw : 
Jwiy) -» U(v') of W^-modules. Let J{v) be an 7^-module defined by 

J{v) := Hi ®c[w e ] Jw{v)- 

Then J(v) is an object of Cn l . Let (p : J{v) —» M be the surjective 7-^-homomorphism 
induced by ipw- Then, the F(gl„)-homomorphism 

D t (ip) : D t (J(v)) — > D e (M) 

is surjective and Di{<p)(Jw{v)) — Df(U). Hence it is suffice to prove that 

D t (J(v))=Y{%[ n )-D l (J w (v)). (4.1.1) 
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4.2. Recall the Alterations on He and Y(gl n ). For a grHf-module M, let D t {M) 
denote the grr(g[„)-module D t (M) := (M <g> (C n )®*)/ £ Im 0i + !)> in which 
^(flU*D - S rF (flU acts as 

e 

E tj ®t r M-^j^OToCEij)- 

a=l 

Then defines an exact functor from the category of gr 7-^-modules who decom- 
poses into direct sum of finite-dimensional W^-modules to the category of C/(g[„[i])- 
modules decomposes into direct sum of finite-dimensional g[ n -modules. 
Now introduce a Alteration on J(v) by the followings; 

F^J{v) = 0, F J(u) = J w {v), FiJ{v) = (FiHe) ■ (F J{v)) (i £ N) . 

Let J{v) denote the the corresponding graded module of J{v). Then, as a gr He- 
module, 

J{v) = grHe ■ Jwty) 

s (C[yi, . . . , y e ] <g> C[W*]) ® C[Wi] -M")- 

In particular, J{v) = C[yi, ■ ■ ■ ,ye]®c Jwiy) as a C- vector space. 
Introduce a Alteration on De(J(v)) induced from that of J(v); 

FiD t {J{v)) := De(FiJ(u)). (4.2.1) 

By Proposition ||, one can easily check that i^y(fl[ n ) • FjDe(J(v)) C Fi + jDe{J(v)). 
Let grZ)^(J(z/)) denote the corresponding graded module of De(J{v)). Then, by 
Proposition and the fact that De is exact, one has 

gTDe(J{ v ))=De{J{v)) 

as a gr Y(gl n ) S [/( [„[t])-module. Now (g ■l.lj) is reduced to the following propo- 
sition. 

Proposition 18. As a U(gl n [t]) -module, 

D e (J(v)) = U( S l n [t])-De(Jw(v)), 
where De{J\y{ v )) denotes the image of Jw(y) C Jiy) in De(J(u)). 

4.3. As a preparation for the proof of Proposition [l|, we shall first consider the 
simplest case when v = Iti for some i. Put J(£) = J(tti). Then as a gr7if-module, 

J(£) = C[yi, . . .,f^]l sign , 

where We act on the right-hand-side by w ■ (/l B i gn ) = (— l) £( - t "' ) 'w(/)l s ig n . 

Let i = (ii,..., i n ) be a permutation of (1,2, ...,n). For 7 = X)"=i 7i £ « 
Wt((C n )®*), let 

u,( 7 ) : = uf^ ® u ® 7i * ® . . . ® u® 7 - G (C")« f . 
Lemma 19. For a fixed permutation i = (ii, . . . , i n ) 0/ (1,2,..., n), the set 

7 = Er=i7i^eWt((C«)^), 
y? 1 ^ 2 ■ • ■ yfisign ® ui(i) \ d m > d m+1 if YTj=l m <m< Y% =1 ii 3 

for some a. 

(4.3.1) 

forms a C-basis of De (J(£j) ■ 
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Proof. Clearly 

Dt (M) = (JV) ® [(C")^] 7 )/^Im( Si + 1) 

7SWt((C")® f ) 

as a C-vector space. In the case when 7 = iti for some i, it is well-known that 
(J(£)® [(C"r] £ei )/^Im( Sl + l)= C[yt...yfl Asa ®uf]. (4.3.2) 

For a general weight 7 G Wt((C™)® ), notice that the correspondence w 1— > io • 1*1(7) 
defines an isomorphism C[We/W 7ii x ■ • • x W 7ir J = [(C")® £ ]^. On the other hand, 
J(£) = JfTii) ® . . . ® J(ji n ) as a W 7i x ■ ■ • x W 7i -module. Hence, by using the 
same argument as in the Proposition [4|, the statement reduces to ( [4.3.2 ). □ 

For k e {1, . . . ,n}, let U(gl n [t])k denote the subalgebra of t/(g[„[t]) generated 
by the elements ®t r (i — 1, . . . , n, r e Z> ). 

Lemma 20. for am/ A; € {1, ... , n} 7 

^ (J(£)) = U( [ n [t]) k ■ [l sign ® uf ] . (4.3.3) 

Proof. Let i = (ii, . . . , £ n ) = (1, 2, . . . , k — 1, k + 1, A; + 2 , rc., fc). For m = 

0, 1, . . . ,£, let Di (J{i)) k m be the subspace of Dg (J(i)) spanned by the vectors 
of the form ( [4.3. l| ) such that dj — for all j > m. We prove by inducition on to 
that 5, (J(% m C tf(flUt])* ' [!sign ® «f ] • 

Let to = 0. Then for any 7 = £? =1 7,6, G Wt((C n )® £ ), 

(E nk )^ (E l2k )^ . . . (E in _ lk p n -i ■ [l sign ® uf] 
£! 

= — T [lsign ®ui(7)], 
7fc ! 

where £Jy = £^ ® 1 G fl[„[i]. Hence L>, (J(% >0 C tf(flU*])fc ■ [l sig „ ® ] . 

Next let to > and suppose that D e {J(^)) km _ 1 C C/(g[„[t]) fe • [l sign ® uf . 
Let a be the integer such that 2j=i 7«j < m — Sj=i 7y ■ Then, one has 

(£U ® • [{fivt 2 ■ ■ ■ fc 1 lsign) ® ui( 7 - ^ + Cfc)] 

= (* - to + l)[(y x dl y* . . . ^l sign ) ® m( 7 )] 
for d m > 0. Here the equality holds modulo Dp (J(^)) fe if a = n (i.e, i a = fc). 
Hence by inducition hypothesis, L>£ (J(l)) C C/(g[„[i])fc • [l S i gn ® uf £ ] . □ 

4.4. Let turn ourselves back to the proof of Proposition [l^. The following lemma 
is an analogue of Proposition [|. 

Lemma 21. As a gl n [t]-module, 

D e {J(y)) = D V1 (jfaj) ® D„ 2 (j(v 2 )) ®...®D Vn (J{v n )) . 

Now let us complete the proof of Proposition [l8|. Let Uj = [l s i gn ® uf Vi ] and 
v [k] '■= Vk ® • • • ® w n- Notice that i7(fll n [t])fe • u a C Cw a if a ^ k. Hence one can 
show by inducition on k that 

tf(flU*])l • «1 ® U{Q\ n [t]) 2 ■ V 2 ® . .. <» tf(flU*D* • V fc ® C «[fc+1] C ^(flU*]) • «[!]■ 

Now Proposition [l^ follows from Lemma |2^. 
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End of Proof. 
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